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HARMONIC ALMOST HERMITIAN STRUCTURES
JOHANN DAVIDOV
Abstract. This is a survey of old and new results on the problem when a
compatible almost complex structure on a Riemannian manifold is a harmonic
section or a harmonic map from the manifold into its twistor space. In this con-
text, special attention is paid to the Atiyah-Hitchin-Singer and Eells-Salamon
almost complex structures on the twistor space of an oriented Riemannian
four-manifold.
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1. Introduction
Recall that an almost complex structure on a Riemannian manifold (N, h) is
called almost Hermitian (or, compatible) if it is h-orthogonal. If a Riemannian
manifold admits an almost Hermitian structure, it possesses many such structures
(cf. Section 3). Thus, it is natural to look for ”reasonable” criteria that distinguish
some of these structures. A natural way to obtain such criteria is to consider the
almost Hermitian structures on (N, h) as sections of its twistor bundle π : T →
N whose fibre at a point p ∈ N consists of all h-orthogonal complex structures
Jp : TpN → TpN on the tangent space of N at p. The fibre of the bundle T
is the compact Hermitian symmetric space O(2m)/U(m), 2m = dimN , and its
standard metric − 12Trace J1 ◦ J2 is Ka¨hler-Einstein. The twistor space T admits a
natural Riemannian metric h1 such that the projection map π : (T, h1) → (N, h)
is a Riemannian submersion with totally geodesic fibres. This metric is compatible
with the natural almost complex structures on T, which have been introduced by
Atiyah-Hitchin-Singer [2] and Eells-Salamon [16] in the case dimN = 4.
If N is oriented, the twistor space T has two connected components often called
positive and negative twistor spaces of (N, h); their sections are almost Hermitian
structures yielding the orientation and, respectively, the opposite orientation of N .
E. Calabi and H. Gluck [6] have proposed to single out those almost Hermitian
structures J on (N, h), whose image J(N) in T is of minimal volume with respect
to the metric h1. They have proved that the standard almost Hermitian structure
on the 6-sphere S6, defined by means of the Cayley numbers, can be characterized
by that property.
Motivated by harmonic map theory, C. M. Wood [35, 36] has suggested to con-
sider as ”optimal” those almost-Hermitian structures J : (N, h) → (T, h1), which
are critical points of the energy functional under variations through sections of T.
The author is partially supported by the National Science Fund, Ministry of Education and
Science of Bulgaria under contract DFNI-I 02/14.
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In general, these critical points are not harmonic maps, but, by analogy, in [36]
they are referred to as ”harmonic almost complex structures”. They are also called
”harmonic sections” [35], a term, which is more appropriate in the context of this
article.
Forgetting the bundle structure of T, we can consider almost Hermitian struc-
tures that are critical points of the energy functional under variations through all
maps N → T. These structures are genuine harmonic maps from (N, h) into (T, h1)
and we refer to [15] for basic fact about such maps.
The main goal of this paper is to survey results about the harmonicity (in both
senses) of the Atiyah-Hitchin-Singer and Eells-Salamon almost Hermitian structures
on the twistor space of an oriented four-dimensional Riemannian manifold, as well
as almost Hermitian structures on such a manifold.
In Section 2 we recall some basic facts about the twistor spaces of even-dimensional
Riemannian manifolds. Special attention is paid to the twistor spaces of oriented
four-dimensional manifolds. In Sections 3 and 4 we discuss the energy functional on
sections of a twistor space, i.e. almost Hermitian structures on the base Riemannian
manifold. We state the Euler-Lagrange equation for such a structure to be a criti-
cal point of the energy functional (a harmonic section) obtained by Wood [35, 36].
Several examples of non-Ka¨hler almost Hermitian structures, which are harmonic
sections are given. Ka¨hler structures are absolute minima of the energy functional.
G. Bor, L. Herna´ndez-Lamoneda and M. Salvai [4] have given sufficient conditions
for an almost Hermitian structure to be a minimizer of the energy functional. Their
result (in fact, part of it) is presented in Section 4 and is used to supply examples of
non-Ka¨hler minimizers based on works by C. LeBrun[27] and I. Kim [24]. Section
4 ends with a lemma from [9], which rephrases the Euler-Lagrange equation for an
almost Hermitian structure (h, J) on a manifold N in terms of the fundamental
2-form of (h, J) and the curvature of (N, h). This lemma has been used in [9] to
show that the Atiyah-Hitchin-Singer almost Hermitian structure J1 on the negative
twistor space Z of an oriented Riemannian 4-manifold (M, g) is a harmonic section
if and only if the base manifold (M, g) is self-dual, while the Eells-Salamon struc-
ture J2 is a harmonic section if and only (M, g) is self-dual and of constant scalar
curvature. The main part of the proof of this result (slightly different from the
proof in [9]) is presented in Section 5. In this context, it is natural to ask when J1
and J2 are harmonic maps into the twistor space of Z. Recall that a map between
Riemannian manifolds is harmonic if and only if the trace of its second fundamen-
tal form vanishes. Section 6 contains a computation of the second fundamental
form of a map from a Riemannian manifold (N, h) into its twistor space (T, h1).
The corresponding formula obtained in this section is used in Section 7 to give an
answer to the question above: J1 or J2 is a harmonic map if and only if (M, g) is
either self-dual and Einstein, or locally is the product of an open interval on R and
a 3-dimensional Riemannian manifold of constant curvature. A sketch of the proof,
involving the main theorem of Section 5 and several technical lemmas, is given
in Section 7 following [11]. In Section 8 we give geometric conditions on a four-
dimensional almost Hermitian manifold (M, g, J) under which the almost complex
structure J is a harmonic map of (M, g) into the positive twistor space (Z+, h1),
M being considered with the orientation induced by J . We also find conditions for
minimality of the submanifold J(M) of the twistor space Z+. As is well-known, in
dimension four, there are three basic classes in the Gray-Hervella classification [19]
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of almost Hermitian structures: Hermitian, almost Ka¨hler (symplectic) and Ka¨hler
structures. As for a manifold of an arbitrary dimension, if (g, J) is Ka¨hler, the map
J : (M, g) → (Z+, h1) is a totally geodesic isometric imbedding. In the case of a
Hermitian structure, we express the conditions for harmonicity or minimality of J
in terms of the Lee form, the Ricci and star-Ricci tensors of (M, g, J), while for
an almost Ka¨hler structure the conditions are in terms of the Ricci, star-Ricci and
Nijenhuis tensors. Several examples illustrating these results are discussed at the
end of Section 8, among them a Hermitian structure that is a harmonic section of
the twistor bundle Z+ and a minimal isometric imbedding in it, but not a harmonic
map.
Acknowledgment. This paper is an expanded version on the author’s talk at the
INdAM workshop in Rome, November, 16-20, 2015, on the occasion of the sixtieth
birthday of Simon Salamon. The author would like to express his gratitude to the
organizers and Simon for the invitation to take part in the workshop and for the
wonderful and stimulating environment surrounding it. Special thanks are also due
to the referee whose remarks helped to improve the final version of the article.
2. The twistor space of an even-dimensional Riemannian manifold
Denote by F (R2m) the set of complex structures on R2m compatible with its
standard metric g. This set has the structure of an imbedded submanifold of the
vector space so(2m) of skew-symmetric endomorphisms of R2m. The tangent space
of F (R2m) at a point J consists of all skew-symmetric endomorphisms of R2m
anti-commuting with J . Then we can define an almost complex structure on the
manifold F (R2m) setting
JQ = JQ for Q ∈ TJF (R2m).
This almost complex structure is compatible with the standard metric
G(A,B) = − 1
2m
TraceAB
of so(2m), where the factor 1/2m is chosen so that every J ∈ F (R2m) should have
unit norm. In fact, the almost Hermitian structure (G,J ) is Ka¨hler-Einstein.
The group O(2m) acts on F (R2m) by conjugation and the isotropy subgroup at
the standard complex structure J0 of R
2m ∼= Cm is U(m). Therefore F (R2m) can
be identified with the homogeneous space O(2m)/U(m).
Note also that the manifold F (R2m) has two connected components: if we fix
an orientation on R2m, these components consists of all complex structures on R2m
compatible with the metric g and inducing ± the orientation of R2m; each of them
has the homogeneous representation SO(2m)/U(m).
The twistor space of an even-dimensional Riemannian manifold (N, h), dimN =
2m, is the bundle π : T → N , whose fibre at every point p ∈ N is the space of
compatible complex structures on the Euclidean vector space (TpN, hp). This is
the associated bundle
T = O(N)×O(2m) F (R2m)
where O(N) is the principal bundle of orthonormal frames on N . Since the bundle
π : T → N is associated to O(N), the Levi-Civita connection on (N, h) gives rise to
a splitting V ⊕H of the tangent bundle of the manifold T. Using this splitting, we
can define a natural 1-parameter family of Riemannian metrics ht, t > 0, as follows.
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For every J ∈ T, the horizontal subspace HJ of TJT is isomorphic to the tangent
space Tpi(J)N via the differential π∗J and the metric ht on HJ is the lift of the
metric h on Tpi(J)N , ht|HJ = π∗h. The vertical subspace VJ of TJT is the tangent
space at J to the fibre through J of the bundle T and ht|VJ is defined as t times
the metric G of this fibre. Finally, the horizontal space HJ and the vertical space
VJ are declared to be orthogonal. Then, by the Vilms theorem [34], the projection
π : (T, ht) → (N, h) is a Riemannian submersion with totally geodesic fibres (this
can also be proved directly).
It is often convenient to consider T as a submanifold of the bundle
π : A(TN) = O(N)×O(2m) so(2m)→ N
of skew-symmetric endomorphisms of TN . The inclusion of T into A(TN) is fibre-
preserving and for every J ∈ T the horizontal subspace HJ of TJT coincides with
the horizontal subspace of TJA(TN) with respect to the connection induced by
the Levi-Civita connection of (N, h) since the inclusion of F (R2m) into so(2m) is
O(2m)-equivariant; the vertical subspace VJ of TJT is the subspace of the fibre
A(Tpi(J)N) of A(TN) through J consisting of the skew-symmetric endomorphisms
of Tpi(J)N anti-commuting with J .
If the manifold N is oriented, its twistor space has two connected components,
the spaces of compatible complex structures on tangent spaces of N yielding the
given, or the opposite orientation of N . These are often called the positive, respec-
tively, the negative twistor space.
2.1. The twistor space of an oriented four-dimensional Riemannian man-
ifold. In dimension four, each of the two connected components F (R4) can be
identified with the unit sphere S2. It is often convenient to describe this identifi-
cation in terms of the space Λ2R4. The metric g of R4 induces a metric on Λ2R4
given by
(1) g(x1 ∧ x2, x3 ∧ x4) = 1
2
[g(x1, x3)g(x2, x4)− g(x1, x4)g(x2, x3)],
the factor 1/2 being chosen in consistency with [8, 9]. Consider the isomorphisms
so(4) ∼= Λ2R4 sending ϕ ∈ so(4) to the 2-vector ϕ∧ for which
2g(ϕ∧, x ∧ y) = g(ϕx, y), x, y ∈ R4.
This isomorphism is an isometry with respect to the metric G on so(4) and the
metric g on Λ2R4. Given a ∈ Λ2R4, the skew-symmetric endomorphism of R4
corresponding to a under the inverse isomorphism will be denoted by Ka.
Fix an orientation on R4 and denote by F±(R4) the set of complex structures
on R4 compatible with the metric g and inducing ± the orientation of R4.
The Hodge star operator defines an endomorphism ∗ of Λ2R4 with ∗2 = Id.
Hence we have the orthogonal decomposition
Λ2R4 = Λ2−R
4 ⊕ Λ2+R4,
where Λ2±R
4 are the subspaces of Λ2R4 corresponding to the (±1)-eigenvalues of
the operator ∗. Let (e1, e2, e3, e4) be an oriented orthonormal basis of R4. Set
(2) s±1 = e1 ∧ e2 ± e3 ∧ e4, s±2 = e1 ∧ e3 ± e4 ∧ e2, s±3 = e1 ∧ e4 ± e2 ∧ e3.
Then (s±1 , s
±
2 , s
±
3 ) is an orthonormal basis of Λ
2
±R
4.
It is easy to see that the isomorphism ϕ → ϕ∧ identifies F±(R4) with the unit
sphere S(Λ2±R
4) of the Euclidean vector space (Λ2±R
n, g). Under this isomorphism,
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if J ∈ F±(R4), the tangent space TJF (R4) = TJF±(R4) is identified with the
orthogonal complement (RJ)⊥ of the space RJ in Λ2±R
4.
Lemma 1. The orientation on Λ2±R
4 determined by the basis s±1 , s
±
2 , s
±
3 defined by
means of an oriented orthonormal basis {e1, ..., e4} of R4 does not depend on the
choice of {e1, ..., e4}.
Proof. Let {s′i = s′+i } and {si = s+i } be the bases of Λ2+R4 defined by means
of two oriented orthonormal bases {e′1, ..., e′4} and {e1, ..., e4} of R4. Denote by
A ∈ SO(4) the transition matrix between these bases. Thanks to L. van Elfrikhof
(1897), it is well-known that every matrix A in SO(4) can be represented as the
product A = A1A2 of two SO(4)-matrices of the following types
(3) A1 =


a −b −c −d
b a −d c
c d a −b
d −c b a

 , A2 =


p −q −r −s
q p s −r
r −s p q
s r −q p

 ,
where a, ..., d, p, ..., s are real numbers with a2+b2+c2+d2 = 1, p2+q2+r2+s2 = 1
(isoclinic representation). For an endomorphism L of R4, denote by ΛL the induced
endomorphism on Λ2R4 defined by ΛL(X ∧ Y ) = L(X) ∧ L(Y ). Denote again by
A the isomorphism of R4 with matrix A with respect to the basis e1, ..., e4. Then
s′i = ΛA(si) = ΛA1 ◦ ΛA2(si), i = 1, 2, 3. One easily computes that ΛA2(si) = si,
and that ΛA1(si) is a basis of Λ
2
+R
4 whose transition matrix is
 a2 + b2 − (c2 + d2) −2(ad− bc) 2(ac+ bd)2(ad+ bc) a2 + c2 − (b2 + d2) −2(ab− cd)
−2(ac− bd) 2(ab+ cd) a2 + d2 − (b2 + c2)

 .
The determinant of the latter matrix is (a2 + b2 + c2 + d2)3 = 1. This proves the
statement for Λ2+R
4. Changing the orientation of R4 interchanges the roles of Λ2+R
4
and Λ2−R
4. Therefore, the statement holds for Λ2−R
4 as well.
The orientation of Λ2± induced by a basis {s±1 , s±2 , s±3 } will be called ”canonical”.
Remark. The map assigning the coset of the matrix above in SO(3)/SO(2) = S2
to the unit quaternion q = a+ ib+ jc+ kd is the Hopf map S3 → S2.
Consider the 3-dimensional Euclidean space (Λ2±R
4, g) with its canonical orien-
tation and denote by × the usual vector-cross product on it. Then, if a, b ∈ Λ2±R4,
the isomorphism Λ2R4 ∼= so(4) sends a × b to ± 12 [Ka,Kb]. Thus, if J ∈ F±(R4)
and Q ∈ TJF (R4) = TJF±(R4), we have
(4) (JQ)∧ = ±(J∧ ×Q∧).
Now let (M, g) be an oriented Riemannian manifold of dimension four.
According to the considerations above, the twistor space of such a manifold has
two connected components, which can be identified with the unit sphere subbundles
Z± of the bundles Λ2±TM →M , the eigensubbundles of the bundle π : Λ2TM →M
corresponding to the eigenvalues ±1 of the Hodge star operator. These are the
positive and the negarive twistor spaces of (M, g). If σ ∈ Z±, then Kσ is a complex
structure on the vector space Tpi(σ)M compatible with the metric g and ± the
orientation of M . Note that, since g(KσX,Y ) = 2g(σ,X ∧ Y ), the 2-vector 2σ is
dual to the fundamental 2-form of (g,Kσ).
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The Levi-Civita connection ∇ ofM preserves the bundles Λ2±TM , so it induces a
metric connection on each of them denoted again by ∇. The horizontal distribution
of Λ2±TM with respect to ∇ is tangent to the twistor space Z±.
The manifold Z± admits two almost complex structures J1 and J2 compatible
with each metric ht defined, respectively, by Atiyah-Hitchin-Singer [2], and Eells-
Salamon [16]. On a vertical space VJ , J1 is defined to be the complex structure JJ
of the fibre through J , while J2 is defined as the conjugate complex structure, i.e.
J2|VJ = −JJ . On a horizontal space HJ , J1 and J2 are both defined to be the lift
to HJ of the endomorphism J of Tpi(J)M . Thus, if σ ∈ Z±
Jk|Hσ = (π∗|Hσ)−1 ◦Kσ ◦ π∗|Hσ.
JkV = (−1)kσ × V for V ∈ Vσ, k = 1, 2.
Let R be the curvature tensor of the Levi-Civita connection of (M, g); we adopt
the following definition for the curvature tensor R: R(X,Y ) = ∇[X,Y ] − [∇X ,∇Y ].
Then the curvature operator R is the self-adjoint endomorphism of Λ2TM defined
by
g(R(X ∧ Y ), Z ∧ T ) = g(R(X,Y )Z, T ), X, Y, Z, T ∈ TM.
The curvature tensor of the connection on the bundle Λ2TM induced by the Levi-
Civita connection on TM will also be denoted by R.
The following easily verified formulas are useful in various computations on Z±.
(5) g(R(a)b, c) = ±g(R(a), b× c))
for a ∈ Λ2TpM , b, c ∈ Λ2±TpM ,
(6) Kb ◦Kc = −g(b, c)Id±Kb×c, b, c ∈ Λ2±TpM.
(7) g(σ × V,X ∧KσY ) = g(σ × V,KσX ∧ Y ) = ±g(V,X ∧ Y )
for σ ∈ Z±, V ∈ Vσ, X,Y ∈ Tpi(σ)M .
Denote by B : Λ2TM → Λ2TM the endomorphism corresponding to the traceless
Ricci tensor. If s denotes the scalar curvature of (M, g) and ρ : TM → TM is the
Ricci operator, g(ρ(X), Y ) = Ricci(X,Y ), we have
B(X ∧ Y ) = ρ(X) ∧ Y +X ∧ ρ(Y )− s
2
X ∧ Y.
Note that B sends Λ2±TM into Λ2∓TM . Let W : Λ2TM → Λ2TM be the endomor-
phism corresponding to the Weyl conformal tensor. Denote the restriction of W to
Λ2±TM by W±, so W± sends Λ2±TM to Λ2±TM and vanishes on Λ2∓TM .
It is well known that the curvature operator decomposes as ([31], see e.g. [3,
Chapter 1 H])
(8) R = s
6
Id+ B +W+ +W−
Note that this differ by a factor 1/2 from [3] because of the factor 1/2 in our
definition of the induced metric on Λ2TM .
The Riemannian manifold (M, g) is Einstein exactly when B = 0. It is called
self-dual (anti-self-dual), if W− = 0 (resp. W+ = 0).
It is a well-known result by Atiyah-Hitchin-Singer [2] that the almost complex
structure J1 on Z− (resp. Z+) is integrable (i.e. comes from a complex structure)
if and only if (M, g) is self-dual (resp. anti-self-dual). On the other hand the
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almost complex structure J2 is never integrable by a result of Eells-Salamon [16],
but nevertheless it plays a useful role in harmonic map theory.
3. The standard variation with compact support of an almost
Hermitian structure through sections of the twistor space
Now suppose that (N, h) is a Riemannian manifold, which admits an almost
Hermitian structure J , i.e. a section of the bundle π : T → N . Take a section V
with compact support K of the bundle J∗V → N , the pull-back under J of the
vertical bundle V → T. There exists an ε > 0 such that, for every point I of the
compact set J(K), the exponential map expI is a diffeomorphism of the ε-ball in
TIT. The function ||V ||h1 is bounded on N , so there exists a number ε′ > 0 such
that ||sV (p)||h1 < ε for every p ∈ N and s ∈ (−ε′, ε′). Set Js(p) = expJ(p)[sV (p)]
for p ∈ N and s ∈ (−ε′, ε′). For every fixed p ∈ N , the curve s → expJ(p)[sV (p)]
is a geodesic with initial velocity vector V (p) which is tangent to the fibre Tp of T
through J(p). Since this fibre is a totally geodesic submanifold, the whole curve
lies in it. Hence Js is a section of T, i.e. an almost Hermitian structure on (N, h),
such that Js = J on N \K.
In particular, this shows that if (N, h) admits a compatible almost complex
structure J , then it possesses many such structures.
4. The energy functional on sections of the twistor space
If D is a relatively compact open subset of a Riemannian manifold (N, h), the
energy functional assigns to every compatible almost complex structure J on (N, h),
considered as a map J : (N, h)→ (T, ht), the integral
EΩ(J) =
∫
D
||J∗||2h,htvol
where the norm is taken with respect to h and ht.
A compatible almost complex structure J is said to be a harmonic section (”a
harmonic almost complex structure” in the terminology of [36]), if for every D it is
a critical point of the energy functional under variations of J through sections of
the twistor space of (N, h).
We have J∗X = ∇XJ + Xh for every X ∈ TN where Xh is the horizontal
lift of X (and ∇XJ is the vertical part of J∗X). Therefore ||J∗||2 = t||∇J ||2h +
(dimN)vol(D). It follows that the critical points of the energy functional EΩ
coincide with the critical points of the vertical energy functional
J →
∫
D
||∇J ||2vol
and do not depend on the particular choice of the parameter t. Another obvious
consequence is that the Ka¨hler structures provide the absolute minimum of the
energy functional.
The Euler-Lagrange equation for the critical points of the energy functional
under variations through sections of the twistor bundle has been obtained by C.
Wood.
Theorem 1. ([35, 36]) A compatible almost complex structure J is a harmonic
section if and only if
[J,∇∗∇J ] = 0,
8 JOHANN DAVIDOV
where ∇∗ is the formal adjoint operator of ∇.
Remark. Suppose that N is oriented and J is an almost Hermitian structure
on (N, h) yielding the orientation of N , so it is a section of the positive twistor
bundle T+. Every variation of J with compact support consisting of sections of the
total twistor space T contains a subvariation consisting of sections of T+. Thus J
is a critical point of the energy functional under variations with compact support
through sections of the total twistor space T, if and only if it is a critical point
under variations through sections of T+.
Examples of non-Ka¨hler almost Hermitian structures, which are harmonic sec-
tions.
1. ([35]) The standard nearly Ka¨hler structure on S6.
2. ([35]) The Calabi-Eckmann complex structure on S2p+1×S2q+1 with the product
metric.
3. ([35]) The Abbena-Thurston [1, 33] almost Ka¨hler structure on (the real Heisen-
berg group ×S1)/(discrete subgroup).
4. The complex structure of the Iwasawa manifold - (the complex Heisenberg
group)/(discrete subgroup).
G. Bor, L. Herna´ndez-Lamoneda and M. Salvai [4] have given sufficient condi-
tions for an almost Hermitian complex structure to minimize the energy functional
among sections of the twistor bundle.
Theorem 2. ([4]) Let (N, h) be a compact Riemannian manifold and let J be a
compatible almost complex structure on it. Suppose that
(1) dimN = 4, the manifold (N, h) is anti-self-dual and the almost Hermitian
structure (h, J) is Hermitian, or almost Ka¨hler,
or
(2) dimN ≥ 6, (N, h) is conformally flat and the almost Hermitian structure (h, J)
is of Gray-Hervella [19] type W1 ⊕W4.
Then the almost complex structure J is an energy minimizer.
Examples of non-Ka¨hler minimizers of the energy functional.
1. ([4]) C. LeBrun [27] has constructed anti-self-dual Hermitian structures on the
blow-ups (S3 × S1)♯ nCP2 of the Hopf surface S3 × S1. Blow-ups do not affect the
first Betti number, so any blow up of the Hopf surface has Betti number one, and
hence it does not admit a Ka¨hler metric.
2. I. Kim [24] has shown the existence of anti-self-dual strictly almost Ka¨hler
structures on CP2♯ nCP2, n ≥ 11, (S2 × Σ)♯ nCP2, genus Σ ≥ 2, (S2 × T 2)♯ nCP2,
n ≥ 6.
3. ([4]) The standard Hermitian structure on the Hopf manifold S2p+1 × S1 is
conformally flat and locally conformally Ka¨hler, and hence of Grey-Hervella class
W4.
Let (N, h, J) be an almost Hermitian manifold and Ω(X,Y ) = h(JX, Y ) its fun-
damental 2-form. Then the Euler-Lagrange equation [J,∇∗∇J ] = 0 is equivalent
to the identity
(9) (∇∗∇Ω)(X,Y ) = (∇∗∇Ω)(JX, JY ), X, Y ∈ TN.
Note that for the rough Laplacian ∇∗∇ we have ∇∗∇Ω = −Trace∇2Ω.
The following simple observation is useful in many cases. Let Ω̂ be the section of
Λ2TN corresponding to the the 2-form Ω under the isomorphism Λ2TN ∼= Λ2T ∗N
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determined by the metric g on Λ2TN defined by means of the metric h on TN via
(1). Thus, h(Ω̂, X ∧ Y ) = Ω(X,Y ), and if E1, ..., Em, JE1, ..., JEm is an orthonor-
mal frame of TN , then
Ω̂ = 2
m∑
k=1
Ek ∧ JEk.
Denote by R(Ω) the 2-form corresponding to R(Ω̂); we have
R(Ω)(X,Y ) = h(R(Ω̂), X ∧ Y ).
Lemma 2. ([9]) A compatible almost complex structure J on a Riemannian man-
ifold (N, h) is a harmonic section if and only if
(10) ∆Ω(X,Y )−∆Ω(JX, JY ) = R(Ω)(X,Y )−R(Ω)(JX, JY ), X, Y ∈ TN,
where ∆ is the Laplace-de Rham operator of (N, h).
Proof. By the Weitzenbo¨ck formula
∆Ω(X,Y )− (∇∗∇Ω)(X,Y )
= Trace{Z → (R(Z, Y )Ω)(Z,X)− (R(Z,X)Ω)(Z, Y )},
X, Y ∈ TN (see, for example, [15]). We have
(R(Z, Y )Ω)(Z,X) = −Ω(R(Z, Y )Z,X)− Ω(Z,R(Z, Y )X)
= h(R(Z, Y )Z, JX) + h(R(Z, Y )X, JZ).
Hence
∆Ω(X,Y )− (∇∗∇Ω)(X,Y )
= Ricci(Y, JX)−Ricci(X, JY )
+Trace {Z → h(R(Z, Y )X, JZ − h(R(Z,X)Y, JZ)}
By the algebraic Bianchi identity
h(R(Z, Y )X, JZ)− h(R(Z,X)Y, JZ) = h(R(X,Y )Z, JZ)
= h(R(Z ∧ JZ), X ∧ Y ).
We have
Trace {Z → h(R(Z ∧ JZ), X ∧ Y )} = 2∑mk=1 h(R(Ek ∧ JEk), X ∧ Y )
= h(R(Ω̂), X ∧ Y ) = R(Ω)(X,Y ).
Thus
∆Ω(X,Y )− (∇∗∇Ω)(X,Y ) = Ricci(Y, JX)−Ricci(X, JY ) +R(Ω)(X,Y ),
and the result follows from (9).
5. The Atiyah-Hitchin-Singer and Eells-Salamon almost complex
structures as harmonic sections
Lemma 2 has been used to prove the following statement.
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Theorem 3. ([9]) Let (M, g) be an oriented Riemannian 4-manifold and let (Z, ht)
be its negative twistor space. Then:
(i) The Atiyah-Hitchin-Singer almost-complex structure J1 on (Z, ht) is a harmonic
section if and only if (M, g) is a self-dual manifold.
(ii) The Eells-Salamon almost-complex structure J2 on (Z, ht) is a harmonic section
if and only if (M, g) is a self-dual manifold with constant scalar curvature.
In order to apply Lemma 2, one needs to compute the Laplacian of the funda-
mental 2-form Ωk,t(A,B) = ht(JkA,B), k = 1, 2, of the almost-Hermitian structure
(ht,Jk) on Z. A computation, involving coordinate-free formulas for the differen-
tial and codifferential of Ωk,t ([29]), gives the following expression for the Laplacian
of Ωk,t in terms of the base manifold (M, g).
Lemma 3. ([9]) Let V be a vertical vector of Z at a point σ and X,Y ∈ Tpi(σ)M .
Then
(11) ∆Ωk,t(X
h, Y h)σ = g(
4σ
t
+ 2(−1)kR(σ), X ∧ Y ) + tg(R(X ∧ Y )σ,R(σ)σ)
and
(12) ∆Ωk,t(V,X
h)σ = (−1)k+1tg(δR(X), V )− tg((∇XR)(σ), σ × V ).
To compute the curvature terms RZ(Ωk,t) in (10) one can use the following
coordinate-free formula for the curvature of the twistor space.
Proposition 1. ([8]) Let Z be the negative twistor space of an oriented Riemannian
4-manifold (M, g) with curvature tensor R. Let E,F ∈ TσZ and X = π∗E, Y =
π∗F , V = VE, W = VF where V means ”the vertical part”. Then
ht(RZ(E,F )E,F ) = g(R(X,Y )X,Y )
−tg((∇XR)(X ∧ Y ), σ ×W ) + tg((∇YR)(X ∧ Y ), σ × V )
−3tg(R(σ), X ∧ Y )g(σ × V,W )
−t2g(R(σ × V )X,R(σ ×W )Y ) + t
2
4
||R(σ ×W )X +R(σ × V )Y ||2
−3t
4
||R(X,Y )σ||2 + t(||V ||2||W ||2 − g(V,W )2),
where the norm of the vertical vectors is taken with respect to the metric g on
Λ2−TM .
Using this formula, the well-known expression of the Levi-Civita curvature tensor
by means of sectional curvatures (cf. e.g. [20, § 3.6, p. 93, formula (15)]), and the
differential Bianchi identity one gets the following.
Corollary 1. Let σ ∈ Z, X,Y, Z, T ∈ Tpi(σ)M , and U, V,W,W ′ ∈ Vσ. Then
ht(RZ(Xh, Y h)Zh, T h)σ = g(R(X,Y )Z, T )
− 3t
12
[2g(R(X,Y )σ,R(Z, T )σ)− g(R(X,T )σ,R(Y, Z)σ)
+g(R(X,Z)σ,R(Y, T )σ)].
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ht(RZ(Xh, Y h)Zh, U)σ = − t
2
g(∇ZR(X ∧ Y ), σ × U).
ht(RZ(Xh, U)Y h, V )σ =
t2
4
g(R(σ × V )X,R(σ × U)Y )
+
t
2
g(R(σ), X ∧ Y )g(σ × V, U).
ht(RZ(Xh, Y h)U, V )σ =
t2
4
[g(R(σ × V )X,R(σ × U)Y )
−g(R(σ × U)X,R(σ × V )Y )]
+tg(R(σ), X ∧ Y )g(σ × V, U)
ht(RZ(Xh, U)V,W ) = 0, ht(RZ(U, V )W,W ′) = g(U,W )g(V,W ′)− g(U,W ′)g(V,W ).
This implies
Lemma 4. ([9]) Let V,W be vertical vectors of Z at a point σ and X,Y ∈ Tpi(σ)M .
Then
(13)
Rt(Ωk,t)(Xh, Y h)σ = 2[1 + (−1)k+1]g(R(σ), X ∧ Y )− tg(R(X ∧ Y )σ,R(σ)σ)
− t
2
Trace{Z → g(R(X ∧ Z)σ,R(Y ∧KσZ)σ)}
− t
2
(−1)kTrace{Vσ ∋ τ → g(R(τ)X,R(σ × τ)Y )},
where the latter trace is taken with respect to the metric g on Vσ,
(14) Rt(Ωk,t)(V,Xh)σ = tg((∇XR)(σ), σ × V )
and
Rt(Ωk,t)(V,W )σ = 2[(−1)k+1 + tg(R(σ), σ)]g(V, σ ×W )
+
t2
2
Trace{Z → g(R(σ × V )KσZ,R(σ ×W )Z)}.
Proof of Theorem 3. According to Lemmas 2, 3 and 4, the almost complex
structure Jn is a harmonic section if and only if the following two conditions are
satisfied:
(15)
4g(R(σ), X ∧ Y −KσX ∧KσY ) =
tT race{Z → g(R(X ∧ Z)σ,R(Y ∧KσZ)σ)− g(R(KσX ∧ Z)σ,R(KσY ∧KσZ)σ)}
+t(−1)kTrace{Vσ ∋ τ → g(R(τ)X,R(σ × τ)Y )− g(R(τ)KσX,R(σ × τ)KσY )}
and
(16) g(δR(KσX), σ × V ) = (−1)kg(δR(X), V )
for every σ ∈ Z, V ∈ Vσ and X,Y ∈ Tpi(σ)M .
We shall show that condition (15) is equivalent to (M, g) being a self-dual man-
ifold. Note first that (15) holds for every X,Y ∈ Tpi(σ)M if and only if it holds
for every X,Y ∈ Tpi(σ)M with ||X || = ||Y || = 1 and X ⊥ Y,KσY . For every
such X,Y there is a unique τ ∈ Vσ, ||τ || = 1, such that Y = KτX , namely
12 JOHANN DAVIDOV
τ = X ∧ Y − KσX ∧ KσY ; conversely, if τ ∈ Vσ, ||τ || = 1 and Y = KτX , then
X ⊥ Y,KσY in view of (6). Thus, (15) holds if and only if it holds for every
X ∈ Tpi(σ)M and Y = KτX with ||X || = 1, τ ∈ Vσ, ||τ || = 1. Given such X
and τ , the vectors E1 = X , E2 = KσX , E3 = KτX , E4 = Kσ×τX constitute an
oriented orthonormal basis of Tpi(σM such that s
−
1 = σ, s
−
2 = τ , s
−
3 = σ× τ , where
s−1 , s
−
2 , s
−
3 are defined by means of {E1, ..., E4} via (2). Using the bases {E1, ..., E4}
of Tpi(σ)M and τ, σ × τ of Vσ to compute the traces in the right-hand side of (15),
we see that identity (15) is equivalent to
4g(R(σ), τ) = tg(R(σ)σ,R(τ)σ)
+t(−1)kg(R(τ)σ,R(σ × τ)(σ × τ)) − t(−1)kg(R(τ)(σ × τ), R(σ × τ)σ)
for every σ, τ ∈ Z, π(σ) = π(τ), σ ⊥ τ . Using (5) we easily see also that the latter
identity is equivalent to
(17)
4g(R(σ), τ) = tg(R(σ), σ × τ)g(R(τ), σ × τ) + tg(R(σ), τ)g(R(τ), τ)
+t(−1)k+1g(R(τ), σ × τ)g(R(σ × τ), τ) − t(−1)k+1g(R(τ), σ)g(R(σ × τ), σ × τ).
Writing this identity with (σ, τ) replaced by (τ, σ) and comparing the obtained
identity with (17) we get
(18) g(R(σ), τ)[g(R(σ), σ) − g(R(τ), τ)] = 0.
Replacing the pair (σ, τ) by
(
3σ + 4τ
5
,
4σ − 3τ
5
)
in (18) and using again this iden-
tity, we obtain
[g(R(σ), σ) − g(R(τ), τ)]2 = 4[g(R(σ), τ)]2,
which, together with (18), gives
g(R(σ), σ) = g(R(τ), τ), g(R(σ), τ) = 0.
Thus
g(W−(σ), σ) = g(W−(τ), τ) and g(W−(σ), τ) = 0
Since TraceW− = 0, this implies W− = 0.
Conversely, if W− = 0 we have R(σ) = s
6
σ + B(σ) where B(σ) ∈ Λ2+TM , so it
is obvious that identity (17) is satisfied.
To analyze condition (16) we recall that δR = 2δB (= −dRicci) (cf. e.g. [3]), so
it follows from (8) that
δR(X) = −1
3
grad s ∧X + 2δW(X), X ∈ TM.
Suppose W− = 0. Since δW+(X) ∈ Λ2+TM , we have
g(δR(X), V ) = 1
3
g(X ∧ grad s, V )
for any V ∈ Λ2−TM . The latter formula and (7) imply that condition (16) is
equivalent (for self-dual manifolds) to the identity
g(V,X ∧ grad s) = (−1)k+1g(V,X ∧ grad s).
Clearly, this identity is satisfied if k = 1; for k = 2 it holds if and only if the scalar
curvature s is constant.
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6. The second fundamental form of an almost Hermitian structure
as a map into the twistor space
Let J be a compatible almost complex structure on a Riemannian manifold
(N, h). Then we have a map J : (N, h) → (T, ht) between Riemannian manifolds.
Let J∗TT → N be the pull-back of the bundle TT → T under the map J : N →
T. We can consider the differential J∗ : TN → TT as a section of the bundle
Hom(TN, J∗TT) → N . Denote by D˜ the connection on J∗TT induced by the
Levi-Civita connection D on TT. The Levi Civita connection ∇ on TN and the
connection D˜ on J∗TT induce a connection ∇˜ on the bundle Hom(TN, J∗TT).
Recall that the second fundamental form of the map J is, by definition, ∇˜J∗. The
map J : (N, h)→ (T, ht) is harmonic if and only if
Traceh∇˜J∗ = 0.
Recall also that the map J : (N, h) → (T, ht) is totally geodesic exactly when
∇˜J∗ = 0.
Proposition 2. ([11, 10]) For every X,Y ∈ TpN ,
∇˜J∗(X,Y ) = 1
2
V(∇2XY J +∇2YXJ)
−2t
n
[(R((J ◦ ∇XJ)∧)Y )hJ(p) + (R((J ◦ ∇Y J)∧)X)hJ(p)],
where V means ”the vertical component”, n = dimN , and ∇2XY J = ∇X∇Y J −
∇∇XY J is the second covariant derivative of J .
The computation of the second fundamental form is based on several lemmas.
First, we note that identity (5) can be generalized as follows.
Lemma 5. ([7]) For every a, b ∈ A(TpN) and X,Y ∈ TpN , we have
(19) G(R(X,Y )a, b) =
2
n
h(R([a, b]∧)X,Y ).
Proof. Let E1, ..., En be an orthonormal basis of TpN . Then
[a, b] =
1
2
n∑
i,j=1
h([a, b]Ei, Ej)Ei ∧ Ej .
Therefore
h(R([a, b]∧)X,Y ) =
1
2
n∑
i,j=1
h(R(X,Y )Ei, Ej)[h(abEi, Ej) + h(aEi, bEj)]
= −1
2
n∑
i=1
h(a(R(X,Y )Ei), bEi) +
1
2
n∑
k=1
h(R(X,Y )aEk, bEk)
=
n
2
G(R(X,Y )a, b).
Lemma 5 implies
(20) ht(R(X,Y )J, V ) =
2t
n
h(R([J, V ]∧)X,Y ) =
4t
n
h(R((J ◦ V )∧)X,Y ).
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Lemma 6. ([7, 8]) If X,Y are vector fields on N , and V is a vertical vector field
on T, then
(21) (DXhY
h)I = (∇XY )hI +
1
2
Rp(X ∧ Y )I
(22) (DVX
h)I = H(DXhV )I = −
2t
n
(Rp((I ◦ VI)∧)X)hI ,
where I ∈ T, p = π(I), n = dimN , and H means ”the horizontal component”.
Proof. Identity (21) follows from the Koszul formula for the Levi-Civita con-
nection and the identity [Xh, Y h]I = [X,Y ]
h
I +R(X,Y )I.
Let W be a vertical vector field on T. Then
ht(DVX
h,W ) = −ht(Xh, DVW ) = 0,
since the fibres are totally geodesic submanifolds, so DVW is a vertical vector field.
Therefore, DVX
h is a horizontal vector field. Moreover, [V,Xh] is a vertical vector
field, hence DVX
h = HDXhV . Thus
ht(DVX
h, Y h) = ht(DXhV, Y
h) = −ht(V,DXhY h).
Now (22) follows from (21) and (20).
Any (local) section a of the bundle A(TN) determines a (local) vertical vector
field a˜ on T defined by
a˜I =
1
2
(a(p) + I ◦ a(p) ◦ I), p = π(I).
The next lemma is ”folklore”.
Lemma 7. If I ∈ T and X is a vector field on a neighbourhood of the point
p = π(I), then
[Xh, a˜]I = (∇˜Xa)I .
Let I ∈ T and let U, V ∈ VI . Take section a and b of A(TN) such that a(p) = U ,
b(p) = V for p = π(I). Let a˜ and b˜ be the vertical vector fields determined by the
sections a and b. Taking into account the fact that the fibre of T through the point
I is a totally geodesic submanifold, one easily gets by means of the Koszul formula
that
(23) (Da˜b˜)I =
1
4
[UV I + IV U + I(UV I + IV U)I] = 0.
Lemma 8. For every p ∈ N , there exists an ht-orthonormal frame of vertical
vector fields {Vα : α = 1, ...,m2 − m}, m = 12dimN , in a neighbourhood of the
point J(p) such that
(1) (DVαVβ)J(p) = 0, α, β = 1, ...,m
2 −m.
(2) If X is a vector field near the point p, then [Xh, Vα]J(p) = 0.
(3) ∇Xp(Vα ◦ J) ⊥ VJ(p).
Proof. Let E1, ..., En be an orthonormal frame of TN in a neighbourhood of
p such that J(E2k−1)p = (E2k)p, k = 1, ...,m, and ∇El|p = 0, l = 1, ..., n. Define
sections Sij , 1 ≤ i, j ≤ n, of A(TN) by the formula
SijEl =
√
n
2
(δilEj − δljEi), l = 1, ..., n.
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Then Sij , i < j, form an orthonormal frame of A(TN) with respect to the metric
G(a, b) = − 1
n
Trace (a ◦ b) ; a, b ∈ A(TN). Set
Ar,s =
1√
2
(S2r−1,2s−1 − S2r,2s), Br,s = 1√2 (S2r−1,2s + S2r,2s−1),
r = 1, ...,m− 1, s = r + 1, ...,m.
Then {(Ar,s)p, (Br,s)p} is a G-orthonormal basis of the vertical space VJ(p). Note
also that ∇Ar,s|p = ∇Br,s|p = 0. Let A˜r,s and B˜r,s be the vertical vector fields on T
determined by the sections Ar,s and Br,s of A(TN). These vector fields constitute
a frame of the vertical bundle V in a neighbourhood of the point J(p).
Considering A˜r,s ◦ J as a section of A(TN), we have
∇Xp(A˜r,s ◦ J) = 12{(∇XpJ) ◦ (Ar,s)p ◦ Jp + Jp ◦ (Ar,s) ◦ (∇XpJ)}
= 12{−∇Xp ◦ Jp ◦ (Ar,s)p + Jp ◦ (Ar,s) ◦ (∇XpJ)}
= 12 [(Br,s)p,∇XpJ ].
For every I ∈ T, we have the orthogonal decomposition
(24) A(Tpi(I)N) = VI ⊕ {S ∈ A(Tpi(I)N) : IS − SI = 0}.
The endomorphisms (Br,s)p and ∇XpJ of TpN belong to VJ(p), so they anti-
commute with J(p), hence their commutator commutes with J(p). Therefore the
commutator [(Br,s)p,∇XpJ ] is G-orthogonal to the vertical space at J . Thus
∇Xp(A˜r,s ◦ J) ⊥ VJ(p),
and, similarly, ∇Xp(B˜r,s ◦ J) ⊥ VJ(p).
It is convenient to denote the elements of the frame {A˜r,s, B˜r,s} by {V˜1, ..., V˜m2−m}.
In this way we have a frame of vertical vector fields near the point J(p) with property
(3) of the lemma. Properties (1) and (2) are also satisfied by this frame according
to (23) and Lemma 7, respectively. In particular,
(V˜γ)J(p)(ht(V˜α, V˜β)) = 0, α, β, γ = 1, ...,m
2 −m.
Note also that, in view of (22),
V(DXh V˜α)J(p) = [Xh, V˜α]J(p) = 0,
hence
XhJ(p)(ht(V˜α, V˜β)) = 0.
Now it is clear that the ht-orthonormal frame {V1, ..., Vm2−m} obtained from
{V˜1, ..., V˜m2−m} by the Gram-Schmidt process has the properties stated in the
lemma.
Proof of Proposition 2.
Extend the tangent vectors X and Y to vector fields in a neighbourhood of the
point p. Let V1, ..., Vm2−m be an ht-orthonormal frame of vertical vector fields with
properties (1) - (3) stated in Lemma 8.
We have
J∗ ◦ Y = Y h ◦ J +∇Y J = Y h ◦ J +
m2−m∑
α=1
ht(∇Y J, Vα ◦ J)(Vα ◦ J),
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hence
D˜X(J∗ ◦ Y ) = (DJ∗XY h) ◦ J +
∑m2−m
α=1 ht(∇Y J, Vα)(DJ∗XVα) ◦ J
+t
∑m2−m
α=1 G(∇X∇Y J, Vα ◦ J)(Vα ◦ J).
This, in view of Lemma 6, implies
D˜Xp(J∗ ◦ Y ) = (∇XY )hJ(p) +
1
2
R(X ∧ Y )J(p)− 2t
n
(R((J ◦ ∇XJ)∧)Y )hJ(p)
+t
∑m2−m
α=1 G(∇Xp∇Y J, Vα ◦ J)pVα(J(p))
−2t
n
(R((J ◦ ∇Y J)∧)X)hJ(p)
= (∇XpY )hJ(p) +
1
2
V(∇Xp∇Y J +∇Yp∇XJ) +
1
2
∇[X,Y ]pJ
−2t
n
[R((J ◦ ∇XJ)∧)Y )hJ(p) + (R((J ◦ ∇Y J)∧)X)hJ(p)].
It follows that
∇˜J∗(X,Y ) = D˜Xp(J∗ ◦ Y )− (∇XY )hσ −∇∇XpY J
=
1
2
V(∇Xp∇Y J −∇∇XpY J +∇Yp∇XJ −∇∇YpXJ)
−2t
n
[R((J ◦ ∇XJ)∧)Y )hJ(p) + (R((J ◦ ∇Y J)∧)X)hJ(p)].
Proposition 2 implies immediately the following.
Corollary 2. If (N, h, J) is Ka¨hler, the map J : (N, h) → (T, ht) is a totally
geodesic isometric imbedding.
Remark. In view of the decomposition (24), the Euler-Lagrange equation [J,∇∗∇J ] =
0 is equivalent to the condition that the vertical part of ∇∗∇J = −Trace∇2J van-
ishes. Thus, by Proposition 2, J is a harmonic section if and only if
V Trace ∇˜J∗ = 0.
This fact, Proposition 2 and Theorem 3 imply
Corollary 3. (i) V Trace ∇˜J1 ∗ = 0 if and only if (M, g) is self-dual.
(ii) V Trace ∇˜J2 ∗ = 0 if and only if (M, g) is self-dual and with constant scalar
curvature.
7. The Atiyah-Hitchin-Singer and Eells-Salamon almost complex
structures as harmonic maps
The main result in this section is the following.
Theorem 4. Each of the Atiyah-Hitchin-Singer and Eells-Salamon almost complex
structures on the negative twistor space Z of an oriented Riemannian four-manifold
(M, g) determines a harmonic map if and only if (M, g) is either self-dual and
Einstein, or is locally the product of an open interval in R and a 3-dimensional
Riemannian manifold of constant curvature.
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Remarks. 1. Every manifold that is locally the product of an open interval
in R and a 3-dimensional Riemannian manifold of constant curvature c is locally
conformally flat with constant scalar curvature 6c. It is not Einstein unless c = 0,
i.e. Ricci flat.
2. According to Theorems 3 and 4, the conditions under which J1 or J2 is a
harmonic section or a harmonic map do not depend on the parameter t of the
metric ht. Taking certain special values of t, we can obtain a metric ht with nice
properties (cf., for example, [8, 12, 29]).
The proof is based on several technical lemmas.
Note first that the almost complex structure Jk, k = 1 or 2, is a harmonic map if
and only if V Trace ∇˜Jk ∗ = 0 and H Trace ∇˜Jk ∗ = 0. According to Proposition 2,
HTrace ∇˜Jk ∗ = 0, k = 1, 2, if and only if for every σ ∈ Z and every F ∈ TσZ
Traceht {TσZ ∋ A→ ht(RZ((Jk ◦DAJk)∧)A), F )} = 0.
Set for brevity
Trk(F ) = Traceht {TσZ ∋ A→ ht(RZ((Jk ◦DAJk)∧)A), F )}.
Let Ωk,t(A,B) = ht(JkA,B) be the fundamental 2-form of the almost Hermitian
manifold (Z, ht,Jk), k = 1, 2. Then, for A,B,C ∈ TσZ,
ht(Jk ◦DAJk)∧, B ∧ C) = −1
2
ht((DAJk)(B),JkC) = −1
2
(DAΩk,t)(B,JkC).
Lemma 9. ([29]) Let σ ∈ Z and X,Y ∈ Tpi(σ)M , V ∈ Vσ. Then
(DXhσΩk,t)(Y
h
σ , V ) =
t
2
[(−1)kg(R(V ), X ∧ Y )− g(R(σ × V ), X ∧KσY )],
(DV Ωk,t)(X
h
σ , Y
h
σ ) =
t
2
g(R(σ × V ), X ∧KσY +KσX ∧ Y ) + 2g(V,X ∧ Y ).
Moreover, (DAΩk,t)(B,C) = 0 when A,B,C are three horizontal vectors at σ or at
least two of them are vertical.
Corollary 4. Let σ ∈ Z, X ∈ Tpi(σ)M , U ∈ Vσ. If E1, ..., E4 is an orthonormal
basis of Tpi(σ)M and V1, V2 is an ht-orthonormal basis of Vσ,
(Jk ◦DXhσJk)∧ = −
1
2
4∑
i=1
2∑
l=1
[g(R(σ × Vl), X ∧ Ei)
+(−1)kg(R(Vl), X ∧KσEi)](Ehi )σ ∧ Vl,
(Jk ◦DUJk)∧ =
∑
1≤i<j≤4
[
t
2
g(R(σ × U), Ei ∧Ej −KσEi ∧KσEj)
−2g(U,Ei ∧KσEj)](Ehi )σ ∧ (Ehj )σ.
By Corollary 3, if the vertical part of Trace ∇˜Jk ∗ vanishes, then the manifold
(M, g) is self dual. In the case when the base manifold is self-dual, simple, but long
computations involving Corollary 4, the algebraic Bianchi identity, Corollary 1, and
formula (7), give the next two lemmas, which play an essential role in the proof of
Theorem 4.
Lemma 10. Suppose that (M, g) is self-dual. Then, if U ∈ Vσ,
Trk(U) =
t
4
g(B(U),B(σ)), k = 1, 2.
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Lemma 11. Suppose that (M, g) is self-dual. Then, if X ∈ TpM , p = π(σ),
Trk(X
h
σ ) = [1 + (−1)k]
s(p)
144
X(s) +
1
12
(
ts(p)
6
− 2)X(s)
+Traceht {Vσ ∋ V → [
t
8
g((∇XB)(V ),B(V ))
+(−1)k+1 ts(p)
24
g(δB(KVX), V )]}.
Sketch of the proof of Theorem 4. Suppose that J1 or J2 is a harmonic
map. By Corollary 3, (M, g) is self-dual or self-dual with constant scalar curvature.
Moreover, Trk(U) = 0 for every vertical vector U , and Trk(X
h) = 0 for every
horizontal vector Xh, k = 1 or k = 2. Note that in both cases the first term in the
expression for Trk(X
h) given in Lemma 11 vanishes.
Lemma 10 implies that ||B(·)||2 = const on every fibre Zp of the twistor space.
One can show that this holds if and only if, at every point p ∈ M , at least three
eigenvalues of the Ricci operator ρ coincide. Then the next step in the proof is
to demonstrate that the condition Trk(X
h
σ ) = 0 for every σ ∈ Z, X ∈ Tpi(σ)M , is
equivalent to the pair of identities
(25) g(δB(X), σ) = 0
and
(26)
(
ts(p)
144
+
1
6
)
X(s)− t
24
X(||ρ||2) = 0.
It is not hard to see that the identity (25) is equivalent to
Trace {E → g((∇Eρ)(KσE), X)} = 0.
Let r(X,Y ) be the Ricci tensor and set
dr(X,Y, Z) = (∇Y r)(Z,X)− (∇Zr)(Y,X).
Thus
dr(X,Y, Z) = g((∇Y ρ)(Z), X)− g((∇Zρ)(Y ), X).
Take an oriented orthonormal basis (E1, ..., E4) such that E2 = KσE1 and E4 =
−KσE3. Then
dr(X,E1, E2)− dr(X,E3, E4) =
4∑
m=1
g((∇Emρ)(KσEm), X).
Denote by W− the 4-tensor corresponding to the operator W−,
W−(X,Y, Z, T ) = g(W−(X ∧ Y ), Z ∧ T ).
By the differential Bianchi identity we have
(27) dr(X,E1, E2)− dr(X,E3, E4) = −2[δW−(X,E1, E2)− δW−(X,E3, E4)].
Since (M, g) is self-dual, we see from the latter identity that identity (25) is always
satisfied. Identity (27) shows also that
(28) dr(X, σ) = 0, σ ∈ Z, X ∈ Tpi(σ)M.
Let λ1(p) ≤ λ2(p) ≤ λ3(p) ≤ λ4(p) be the eigenvalues of the symmetric operator
ρp : TpM → TpM in ascending order. It is well-known that the functions λ1, ..., , λ4
are continuous (see, e.g. [23, Chapter Two, §5.7 ] or [30, Chapter I, §3]). We
have seen that, at every point of M , at least three eigenvalues of the operator ρ
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coincide. The set U of points at which exactly three eigenvalues coincide is open
by the continuity of λ1, ..., λ4. For every p ∈ U , denote the simple eigenvalue of
ρp by λ(p) and the triple eigenvalue by µ(p), so the spectrum of ρ is (λ, µ, µ, µ)
with λ(p) 6= µ(p) for every p ∈ U . As is well-known, the implicit function theorem
implies that the function λ is smooth. Then the function µ = 13 (s − λ) is also
smooth. It is also well-known that, in a neighbourhood of every point p of U , there
is a (smooth) unit vector field E which is an eigenvector of ρ corresponding to
λ. (for a proof see [26, Chapter 9, Theorem 7]). Let α be the dual 1-form to E,
α(X) = g(E,X). Then
r(X,Y ) = (λ− µ)α(X)α(Y )− µg(X,Y )
in a neighbourhood of p. Using this representation of the Ricci tensor, identity δr =
− 12ds, and (28) one can prove that the scalar curvature s is locally constant on U .
Then identity (26) implies that ||ρ||2 is locally constant. Thus, in a neighbouhood
of every point p ∈ U , we have λ+3µ = a and λ2+3µ2 = b2, where a and b are some
constants. It follows that µ = 12−1(3a±√12b2 − 3a2). Note that 12b2 − 3a2 6= 0,
since otherwise we would have µ = 14a, hence λ = a−3µ = 14a = µ, a contradiction.
Since µ is continuous, we see that µ is constant, hence λ is also constant. Then one
can show that the 1-form α is parallel. It follows that the restriction of the Ricci
tensor to U is parallel.
In the interior of the closed setM \U the eigenvalues of the Ricci tensor coincide,
hence the metric g is Einstein on this open set. Therefore, the scalar curvature s
is locally constant on Int (M \ U) and the Ricci tensor is parallel on it. Thus,
the Ricci tensor is parallel on the open set U ∪ Int (M \ U) = M \ bU , where bU
stands for the boundary of U . Since M \ bU is dense in M , it follows that the
Ricci tensor is parallel on M . This implies that the eigenvalues λ1 ≤ ... ≤ λ4 of
the Ricci tensor are constant. Thus, either M is Einstein, or exactly three of the
eigenvalues coincide. In the second case the simple eigenvalue λ = 0 by [12, Lemma
1]. Therefore M is locally the product of an interval in R and a 3-dimensional
manifold of constant curvature.
Conversely, suppose that (M, g) is self-dual and Einstein, or locally is the prod-
uct of an interval and a manifold of constant curvature. Then at least three of
the eigenvalues of the Ricci tensor coincide which, as we have noted, implies that
||B(·)||2 = const on every fibre of Z. It follows that g(B(σ),B(τ)) = 0 for ev-
ery σ, τ ∈ Z with g(σ, τ) = 0. Therefore, Tk(U) = 0 for every vertical vector U ,
k = 1, 2, by Lemma 10. Moreover, Tk(X
h) = 0 by Lemma 11, since the scalar
curvature is constant and ∇B = 0.
8. Almost hermitian structures on 4-manifolds that are harmonic
maps
Let (M, g) be a Riemannian 4-manifold and J a compatible almost complex
structure on it. Henceforth in this section, we shall considerM with the orientation
induced by J , and the positive twistor space Z+ will be denoted by Z.
Denote the Ricci tensor of (M, g) by ρ and let ρ∗ be the ∗-Ricci tensor of the
almost Hermitian manifold (M, g, J). Recall that the latter is defined by
ρ∗(X,Y ) = trace{Z → R(JZ,X)JY }.
20 JOHANN DAVIDOV
Denote by N the Nijenhuis tensor of J
N(Y, Z) = −[Y, Z] + [JY, JZ]− J [Y, JZ]− J [JY, Z].
It is well-known (and easy to check) that
(29) 2g((∇XJ)(Y ), Z) = dΩ(X,Y, Z)− dΩ(X, JY, JZ) + g(N(Y, Z), JX),
for all X,Y, Z ∈ TM .
8.1. The case of integrable J . Suppose that the almost complex structure J is
integrable. Denote by B the vector field on M dual to the Lee form θ = −δΩ ◦ J
with respect to the metric g. Then (29) and the identity dΩ = θ ∧ Ω imply the
following well-known formula
(30) 2(∇XJ)(Y ) = g(JX, Y )B − g(B, Y )JX + g(X,Y )JB − g(JB, Y )X.
It follows that, considering J as a section of the vector bundle Λ2+TM ,
∇XJ = 1
2
(JX ∧B +X ∧ JB).
Using this formula and Proposition 2, one can prove the following.
Theorem 5. ([10]) Suppose that the almost complex structure J is integrable.
Then the map J : (M, g)→ (Z, ht) is harmonic if and only dθ is a (1, 1)-form and
ρ(X,B) = ρ∗(X,B) for every X ∈ TM .
Corollary 5. The map J : (M, g) → (Z, ht) defined by an integrable almost Her-
mitian structure J on (M, g) is a harmonic section if and only if the 2-form dθ is
of type (1, 1).
Remark. The 2-form dθ of a Hermitian surface (M, g, J) is of type (1, 1) if and
only if the ⋆-Ricci tensor ρ∗ is symmetric.
The map J : M → Z is an imbedding and one can ask when this imbedding
is minimal, i.e. when J(M) is a minimal submanifold of (Z, ht). Note that J is
minimal exactly when it is a harmonic map from M endowed with the metric J∗ht
into (Z, ht).
If Π is the second fundamental form of the submanifold J(M), then Π(J∗X, J∗Y )
is the normal component of ∇˜J∗(X,Y ). In particular J(M) is a minimal subman-
ifold if and only if the normal component of Trace ∇˜J∗ vanishes.
Theorem 6. ([10]) Suppose that the almost complex structure J is integrable.
Then the map J : M → (Z, ht) is a minimal isometric imbedding if and only if dθ
is a (1, 1) form and ρ(X,B) = ρ∗(X,B) for every X ⊥ {B, JB}.
8.2. The case of symplectic J . Suppose that (M, g, J) is almost Ka¨hler (sym-
plectic).
Denote by Λ20TM the subbundle of Λ
2
+TM orthogonal to J (thus Λ
2
0TpM =
VJ(p)). Under this notation we have the following.
Theorem 7. ([10]) Let (M, g, J) be an almost Ka¨hler 4-manifold. Then the map
J : (M, g) → (Z, ht) is harmonic if and only if the ∗-Ricci tensor ρ∗ is symmetric
and
Trace {Λ20TM ∋ τ → R(τ)(N(τ))} = 0.
The proof makes use of the Weitzenbo¨ck formula.
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Theorem 8. ([10]) Let (M, g, J) be an almost Ka¨hler four-manifold. Then the
map J : M → (Z, ht) is a minimal isometric imbedding, if and only if the ⋆-Ricci
tensor ρ∗ is symmetric, and for every p ∈M
Trace {Λ20TpM ∋ τ → Rp(τ)(N(τ))} ∈ Np.
8.3. Examples. ([10])
Primary Kodaira surfaces. Every primary Kodaira surface M can be obtained
in the following way [25, p.787]. Let ϕk(z, w) be the affine transformations of C
2
given by
ϕk(z, w) = (z + ak, w + akz + bk),
where ak, bk, k = 1, 2, 3, 4, are complex numbers such that
a1 = a2 = 0, Im(a3a4) = mb1 6= 0, b2 6= 0
for some integer m > 0. They generate a group G of transformations acting freely
and properly discontinuously on C2, and M is the quotient space C2/G.
It is well-known thatM can also be described as the quotient of C2 endowed with
a group structure by a discrete subgroup Γ. The multiplication on C2 is defined by
(a, b).(z, w) = (z + a, w + az + b), (a, b), (z, w) ∈ C2,
and Γ is the subgroup generated by (ak, bk), k = 1, ..., 4 (see, for example, [5]).
A frame of Γ-left-invariant vector fields on C2 ∼= R4 is given by
A1 =
∂
∂x
− x ∂
∂u
+ y
∂
∂v
, A2 =
∂
∂y
− y ∂
∂u
− x ∂
∂v
, A3 =
∂
∂u
, A4 =
∂
∂v
,
where x + iy = z, u + iv = w. Let g be the left-invariant Riemannian metric
on M ∼= C2/Γ obtained from the metric on C2 for which the frame A1, ..., A4 is
orthonormal.
It is a result by Hasegawa [21] that every complex structure on M is induced
by a left-invariant complex structure on C2. It is not hard to see ([28, 13]) that
a left-invariant almost complex structure J on C2 compatible with the metric g is
integrable if and only if it is given by
JA1 = ε1A2, JA3 = ε2A4, ε1, ε2 = ±1.
It is easy to check that, by Theorem 5, the map J : (M, g)→ (Z, ht) is harmonic.
It is also easy to give an explicit description of the twistor space (Z, ht) ([13]),
since Λ2+M admits a global orthonormal frame defined by
s1 = ε1A1 ∧A2 + ε2A3 ∧ A4, s2 = A1 ∧ A3 + ε1ε2A4 ∧ A2,
s3 = ε2A1 ∧ A4 + ε1A2 ∧A3.
Then we have a natural diffeomorphism F : Z ∼=M×S2 defined by∑3k=1 xksk(p))→
(p, x1, x2, x3) under which J becomes the section p→ (p, 1, 0, 0). Denote the push-
forward of the metric ht under F again by ht. For x = (x1, x2, x3) ∈ S2, set
u1(x) = ε1ε2(−x3, 0, x1), u2(x) = ε2(x2,−x1, 0), u3(x) = 0, u4(x) = ε1(0, x3,−x2).
The differential F∗ sends the horizontal lifts Ahi i = 1, ..., 4, at a point σ =∑3
k=1 xksk(p) ∈ Z to the vectors Ai + ui of TM ⊕ TS2. Then, if X,Y ∈ TpM
and P,Q ∈ TxS2,
ht(X + P, Y +Q) = g(X,Y )
+t < P −∑4i=1 g(X,Ai)ui(x), Q −∑4j=1 g(Y,Aj)uj(x) >
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where < ., . > is the standard metric of R3.
Now suppose again that J is a left-invariant almost complex structure on C2
compatible with the metric g. Then the almost Hermitian structure (g, J) is almost
Ka¨hler (symplectic) if and only if J is given by ([28, 13])
JA1 = −ε1 sinϕA3 + ε1ε2 cosϕA4, JA2 = − cosϕA3 − ε2 sinϕA4,
JA3 = ε1 sinϕA1 + cosϕA2, JA4 = −ε1ε2 cosϕA1 + ε2 sinϕA2,
ε1, ε2 = ±1, ϕ ∈ [0, 2π).
Suppose that J is determined by these identities and set
E1 = A1, E2 = −ε1 sinϕA3 + ε1ε2 cosϕA4,
E3 = cosϕA3 + ε2 sinϕA4, E4 = A2.
Then E1, ..., E4 is an orthonormal frame of TM for which JE1 = E2 and JE3 = E4.
Define an orthonormal frame sl = s
+
l , l = 1, 2, 3, of Λ
2
+TM by means of E1, ..., E4
via (2). Computing ρ∗(Ei, Ej) one can see that the ∗-Ricci tensor is symmetric.
Also, computing the curvature and the Nijenhuis tensor, we have
Trace {Λ20TM ∋ τ → R(τ)(N(τ))} = R(s2)(N(s2)) +R(s3)(N(s3)) = 0.
Thus, by Theorem 8, J defines a harmonic map.
As in the preceding case, it is easy to find an explicit description of the twistor
space Z ofM and the metric ht ([13]). The frame }s1, s2, s3} gives rise to an obvious
diffeomeorphism F : Z ∼=M × S2 under which J becomes the map p→ (p, 1, 0, 0).
The differential F∗ of this diffeomorphism sends the horizontal lifts Ehi , i = 1, ..., 4,
to Ei + ui where
u1(x) = (x3ε1ε2 cosϕ, x3ε2 sinϕ,−x1ε1ε2 cosϕ− x2ε2 sinϕ),
u2(x) = (x2ε1ε2 cosϕ,−x1ε1ε2 cosϕ, 0), u3(x) = (x2ε2 sinϕ,−x1ε2 sinϕ, 0)
u4(x) = (−x3ε2 sinϕ, x3ε1ε2 cosϕ, x1ε2 sinϕ− x2ε1ε2 cosϕ).
for x = (x1, x2, x3) ∈ S2. Then, if X,Y ∈ TpM and P,Q ∈ TxS2,
(31)
ht(X + P, Y +Q) = g(X,Y )
+t < P −∑4i=1 g(X,Ei)ui(x), Q −∑4j=1 g(Y,Ej)uj(x) > .
8.4. Four-dimensional Lie groups. By a result of A. Fino [17] for every left-
invariant almost Ka¨hler structure (g, J) with J-invariant Ricci tensor on a 4-
dimensional Lie groupM there exists an orthonormal frame of left-invariant vector
fields E1, ..., E4 such that
JE1 = E2, JE3 = E4
and
[E1, E2] = 0, [E1, E3] = sE1 +
s2
t
E2, [E1, E4] =
s2 − t2
2t
E1 − sE2
[E2, E3] = −tE1 − sE2, [E2, E4] = −sE1 − s
2 − t2
2t
E2, [E3, E4] = −s
2 + t2
t
E3
where s and t 6= 0 are real numbers. Using this table one can compute the ∗-Ricci
and Nijenhius tensors. The computation shows that J defines a harmonic map by
virtue of Theorem 8.
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8.5. Inoue surfaces of type S0. Let us recall the construction of these surfaces
([22]). Take a matrix A ∈ SL(3,Z) with a real eigenvalue α > 1 and two com-
plex eigenvalues β and β, β 6= β. Choose eigenvectors (a1, a2, a3) ∈ R3 and
(b1, b2, b3) ∈ C3 of A corresponding to α and β, respectively. Then the vectors
(a1, a2, a3), (b1, b2, b3), (b1, b2, b3) are C-linearly independent. Denote the upper-
half plane in C by H and let Γ be the group of holomorphic automorphisms of
H× C generated by
go : (w, z)→ (αw, βz), gi : (w, z)→ (w + ai, z + bi), i = 1, 2, 3.
The group Γ acts on H× C freely and properly discontinuously. Then M = (H×
C)/Γ is a complex surface known as the Inoue surface of type S0. It has been shown
by F. Tricerri [32] that every such a surface admits a locally conformal Ka¨hler metric
g (cf. also [14]) obtained from the Γ-invariant Hermitian metric
g =
1
v2
(du ⊗ du+ dv ⊗ dv) + v(dx ⊗ dx+ dy ⊗ dy), u+ iv ∈ H, x+ iy ∈ C.
on H× C.
By Corollary 5, J : (M, g)→ (Z, ht) is a harmonic section. It is also a minimal
isometric imbedding by Theorem 6. However, J is not a harmonic map according
to Theorem 5.
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